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A. Rosa A quasigroup (V, 0) satisfying the identities xoy=yox, xo(xoy)=y is called totally symmetric. An idempotent (commutative) totally symmetric quasigroup is called a Steiner quasigroup.
A Steiner triple system (STS) [a partial triple system (PTS), respectively] is a pair (v, B) where V is a finite set, and B is a collection of 3-subsets of V called triples such that every 2-subset of Vis contained in exactly one triple [in at most one triple, respectively] of B. The number IV1 is called the order of (V, B). It is we<1 known ' that there is an STS of order u if and only if u = 1 or 3 (mod 6).
The leave of a partial triple system (V, B) is a graph G = (V, El where E contains as edges dill pairs that are not contained in the triples of B. A partial triple system is mf(x-ilnal if its leave is triangle free.
A I-factorization of K2,, [a near-l-factorization of K2,, _ 1, respectively] is a m;r;imal edge-colouring of K2,, [of K2,* _ 1, respectively] (with 2n -1 colours). A partial I-factorization of Kzn [a partial near-l-factorization of Kzn _ 1, respectively] is a partial edge-colouring of Kzn [of Kzn _ l, respectively] with at most 2n -1 colours.
The relationship between Steiner triple systems and Steiner quasigroups is well known (cf., e.g., [7] ). Similarly, the relationship between minimal edge-colourings (1-factorizations and near-1-factorizations) on one hand, and quasigroups on the other, is well known (cf., e.g , [2, 9, 10] ). Indeed, if (I<H) is a near-l-factorization where L@ is the set of near-l-factors indexed by the elements of V, and if " 0 " is a binary operation on V defined by (1) xoy=z if the edge {x,y} EEES, (2) x0x= t if x is the isolated vertex of F,E~, then (V, 0) is a commutative quasigroup. Conversely, any commutative quasigroup (I', 0) of odd order gives rise to a near-l-factorization of the complete graph on V.
Similarly, the well-known coexistence of near-1 -factorizations of K2,, _ 1 and 1-factorizations of K2,, (see, e.g., [lo]) yields the equivalence between I-factorizations of Kzn and unipotent commutative quasigroups of order 2n: if (V; s) is a near-l-factorization of K2,,__ 1, 00 a new vertex not in V, and @' is a set of l-factors obtained from g by adding to each near-l-factor of @ the edge joining ~0 to its isolated vertex, then (VU (a~}, W) is a l-factorization of Kzn. In the corresponding commutative quasigroup, this means "projecting" the diagonal onto a new row and column indexed by 00, and placing 00 on the diagonal, thus obtaining a unipotent commutative quasigroup of order 2n [IO] .
The problem we want to address is the completion problem for partial edgecolourings: given a partial edge-colouring of Kzn_ 1 [of Kzn, respectively] with at most 2n -1 colours, can it be completed to a minimal edge-colouring of K2,, _ 1 [of Kzn, respectively]?
In terms of quasigroups, the problem is: Given a partial commutative quasigroup of order n, can it be comple mutative quasigroup of order n?
The problem as formulated is well known to be NP-complete [3] . Thus it is much more reasonable to attempt to obtain some sufficient conditions for c pletability. Andersen and Hilton [l] have shown recently that if the number of ed in a partial edge-colouring is, in a certain sense, "small", it can always be completed to a minimal edge-colouring. Here we give another sufficient condition, for a class of partial edge-colourings with a '"large" number of coloured edges.
Almost-Steiner l-factorizations
Given a PTS ( V9 B), define a partial quasigroup (V, 0) as follows: x@y =z if {x9 y, z} E B; if there is no triple in B containing {x9 y} then x@y is undefined; x@x is undefined for all XE V. (Note that we are not assuming here, as customary, the idempotent law.)
It is immediate that ( V9 0) satisfies (i) x@y =yOx, (ii) x0 &By) = y, i.e., if x@y is defined then so are y@x and xB(x@y), and (i) and (ii) hold.
A maximal PTS with a quadratic leave (i.e., one whose each vertex has degree 0 or 2) will be called an MQ-PTS. . Since a Steiner triple system is an MQ-PTS whose leave consists of isolated vertices only, there is, according to Corollary, a unique way to complete a partial totally symmetric quasigroup obtained from an STS. Indeed, in this case only the products x@x remain undefined, and one has to put necessarily x0x=x; this results in an idempotent totally symmetric quasigroup, i.e., Steiner quasigroup. No Steiner 1-factorization of K,, can exist if n=O (mod 6). A l-factorization of KE which comes "closest" to a Steiner l-factorization in this case is obtdined from a maximum PTS of order n -1 = 5 (mod 6); any such maximum PTS has a leave which consists of a quadrangle and n -5 isolated vertices. By Corollary, the corresponding partial totally symmetric quasigroup can be completed to a commutative quasigroup in two distinct ways, yielding two distinct 1-factorizations which may or may not be isomorphic.
Let us call a l-factorization obtained, via Theorem l', from an MQ-PTS an almost-Steiner l-factorization. That we are assumed of a rich source of almostSteiner I-factorizations of K2,, for any n is guaranteed by the following: 
Small orders

MQ-PTS's of small
The two almost-Steiner 1-factorizations from the MQ-PTS of order 7 with leave Cs are both isomorphic to the (unique) perfect l-factorization of KS but none of the almost-Steiner 1-factorizations of Kre is perfect. Only one of the 28 MQ-PTS's of order 11 gives rise to a perfect almost-Steiner l-factorization of Klz; it is the design No. 110 in the listing of [4] , with leave Cs U C,.
Clearly, for an MQ-PTS to yield a perfect almost-Steiner l-factorization it is necessary that its leave contain at most one isolated vertex. But in. general the question of which almost-Steiner 1-factorizations are perfect seems very difficult.
Let us observe that our completion theorem for MQ-PTS's (Theorem 1) is, in a sense, best possible. This is shown by an example of a maximal PTS of order 9 whose leave is not quadratic but contains just one vertex of degree 4. It is easily verified that this partial quasigroup cannot be completed to a commutative quasigroup. Thus the partial l-factorization from the maximal PTS with leave D6 cannot be completed to a l-factorization. 
Conclusion
There exists a simple characterization of Steiner 1-factorizations in terms of the properties of unions of two l-factors [2, Theorem 3.11. To obtain a similar characterization of almost-Steiner I-factorizations appears quite difficult, although one can readily state a number of necessary conditions.
The problem of whether a partial totally symmetric quasigroup can be completed to a commutative quasigroup is likely NP-complete but it seems that the methods of [3] cannot be used to prove this.
